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II. Theory of the Reciprocal Action between the Solar Rays and the different Media
by which they are reflected, refracted, or absorbed ; in the course of which various
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1. FOR the train of thought which suggested the following considerations, I am
more particularly indebted to the researches of Professor Drarer of New York, con-
tained in his remarkable work, “ On the Organisation of Plants, the Chemical Effects
of the Solar Rays, &c.,” 2nd edit., New York, 1845. His experiments tend to show
that the law of action and reaction, which prevails so generally in other departments of
nature, is no less true in all the varied phenomena of the sunbeam, so that the latter
cannot be reflected, refracted, much less absorbed, without producing some change
upon the recipient medium.

2. Whilst however I acknowledge my obligations to the author for the information
I have derived from his excellent work, 1 wish carefully to guard against the infer-
ence that 1 agree with him as to the necessity of admitting the existence of more
than one imponderable, being strongly of opinion that all the effects of the solar
rays may be attributed to some or other of the infinite variety of undulations of which
the universal ether is capable, and which in the case of the sunbeam are impressed
ixpon it by vibrations at the surface of the sun.

3. The vis viva, which has its origin in these vibrations, is transmitted through
the ether with the velocity of light in extremely minute undulations of different lengths
and periods.

If then a sunbeam, fraught with a vast variety of such undulations, be incident
upon a medium so constituted that its particles are capable of vibrating in unison, or
even in harmonic consonance less perfect than unison, with some or other of the
ethereal vibrations of the incident beam, it must necessarily happen that one system
of vibrations will be called into existence by the other according to the laws of
resonance.

There may be a difficulty in explaining, but there can be no doubt of the fact,
that the vis viva due to such induced vibrations, like that which is due to the vibra-
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12 MR. POWER ON THE ABSORPTION OF THE SOLAR RAYS, ETC.

tions of heat, may become more or less persistent in the medium ; producing at one
time the phenomenon of fixed chemical action, at another time that of permanently
latent heat, at another time that less permanently latent or retarded heat, at another
time that of coloration and absorption, at another time that of phosphogenic action.
The remarkable phenomena lately discovered by Professor Stoxks seem closely allied
to the latter, differing however in the circumstance that they cease to exist the mo-
ment the exciting rays are withdrawn. Guided by analogy, I am inclined to think
that these phenomena will be found hereafter to possess some slight though insensible
duration, while I regard all action which is really momentary as expending itselt
upon the passing rays as they emerge in the form of reflected or refracted rays.

But all these effects, of whatever kind, I regard as due to one and the same cause,
which can, I conceive, be no other than the expenditure or distribution of the vis viva
originally derived from the sun, and conveyed by the ether unchanged in amount.

4. By the term vis viva is here meant, the sum of the vibrating molecules each mul-
tiplied by the square of its velocity, a quantity which, by the usual dynamical theories,
is constant, when we neglect the distant attractions (whose effects must be insensible
on the all-but-imponderable ether), and take into account only the mutual actions of
the molecules upon each other, in all cases, most certainly, when the molecules after
being put in motion return to the same places which they occupied before their motion
commenced, and there resume their former state of rest. It is extremely probable
that this is the case in the propagation of a solar ray through the ethereal spaces, as we
know that it is the case when a small vibratory pulse is in the course of propagation
along a stretched wire, as also in every case of propagated undulations in which we
can examine a the circumstances. We may further argue that, if the particles of an
ethereal space, originally at rest, after transmitting a state of motion from a preceding
to a succeeding space, were not again reduced to rest, the space first mentioned will
continue to originate fresh motions, which would be propagated in one or more direc-
tions, after the former wave has passed ; the ethereal space, therefore, after transmitting
a luminous wave, would either continue for a while to be self-luminous, which is con-
trary to all we know of light, or else to be the source of vibrations of a different nature
to those which set it in motion; a supposition, which is so great a departure from
simplicity, as to be extremely improbable ; it is further, as before stated, opposed to
all the analogies presented by cases of propagated undulations in which the circum-
stances are known. 'There is therefore scarcely room for a doubt that the vis viva of
the luminous wavesis transmitted through the ethereal spaces unchanged in quantity.

There is yet another way of establishing this principle, which may be more satis-
factory to some minds.

Let p, p' denote the vires vivas due to a luminous wave as it spreads out spherically
with the velocity (@), and crosses successively over the spherical surfaces 4772, 47"

in equal times (3), r, ' being any two distances from the origin of the light regarded
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as a point, and A the length of the undulation. Then, if = be the area of the pupil,
properly directed towards the luminous point at the successive distances » and 7/,

!
Z—f—;g and ‘%g will be the quantities of vis viva which pass through the pupil in equal

times, and being condensed on the retina produce the sensation of light with bright-
nesses proportional to their magnitudes. This accords with the views of all writers
on the snbject of physical optics. On the other hand, we know by experience, that

. 1 1 . .
these brightnesses are as —; and 3, consequently p=p'; the ether intermediate to the

two spheres in transmitting the luminous wave has therefore delivered over the vis
viva unchanged in quantity.

5. Let us now consider what will become of the vis viva when the lumincus wave
is incident upon the plane surface of a refracting medium. [ shall confine my atten-
tion in the present communication to a singly refracting isotropical medium, amongst
the comparatively grosser particles of which the incomparably more subtle and more
numerous particles of the ether are supposed to be diffused in a different state of den-
sity to that which prevails in the surrounding spaces, such altered density being due
to the attractions or repulsions which the particles of the medium exercise on those
of the ether.

This being premised, we may regard the expenditure of the vis viva as of two kinds,
according as it is distributed to the particles of the ether, giving rise to the reflected
and refracted rays, or to the particles of the refracting medium. If it be expended
solely on the ether, the sum of the wires vive of the reflected and refracted waves
ought to be exactly equal to the vis vive of theincident wave; but if a portion of the
vis viva be communicated to the particles of the medium, the vis viva of the incident
wave ought to surpass the sum of the vires vive of the reflected and refracted waves
by a certain excess.

6. The object with which the present inquiry commenced was to take into account
the effect of such supposed excess, in the hope of arriving at some explanation of the
Stokesian phenomena. The remarkable result I have obtained, that every loss of vis
viva will be accompanied by a diminution of the refractive index, is quite in the direc-
tion of the author’s own idea of “a change of refrangibility :” but I confess it throws
no light on the change of period, which it is also necessary to account for. The latter,
I am inclined to think, is due to an action of the nature of karmonic resonance, and from
some calculations which I have made, I think it probable that the light produced in
the Stokesian experiments may be due to resonant vibrations excited in the medium,
which are about a major or minor third lower in pitch than those of the invisible
rays producing them, the medium afterwards communicating those vibrations to the
ether as a new source of light.

7. Some apology may be required for borrowing from the language of music, terms
explanatory of phenomena which cannot be heard, and in some cases neither heard
nor seen ; but critical taste must be prepared to yield a general licence to physical
inquirers to indulge in such catachreses of language, whenever they are called for by
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the generalisation of ideas, for the expression of which, without such an alternative,
a new language must necessarily be invented.

8. The mode of procedure which seemed most likely to lead to a successful result,
was to assume in the first instance the hypothesis that the vis viva is expended solely
on the reflected and refracted rays, and afterwards to modify, if possible, the steps of
the process so as to adapt them to the hypothesis that a portion of it is expended on
the medium, regarded as distinct from the ether by which it is permeated.

9. In adopting the more simple hypothesis I was really startled by the formula at
which I arrived in the course of the investigation, for not only did the general or
Cartesian law of refraction spring out most unexpectedly, as if by magic, but those
very same expressions for the intensity of the reflected rays, which were first disco-
vered by FresNEL, and subsequently verified by the experiments of BrewsTer and
ARraco, were an iminediate consequence of the formulg.

But while my results are in perfect harmony with experience so far as the latter
has proceeded, at the same time they differ from those of FrREsNEL in some particulars.
In the first place the index of refraction is not the simple quotient of the velocities
of undulation, but of those velocities each multiplied by the density of the ether in
the corresponding medium. In the second place, the vibrations of the ethereal par-
ticles are performed iz the plane of polarization (and not perpendicular to that plane,
as FrEsNEL supposed), agreeing therein, amongst others, with MaccuLLaGH, NAUMANN,
and the earlier researches of Caucny, but opposed to the more recent investigations
of the latter and to the experimental determination of Professor Stoxes*. Further,
the expressions for the intensities of the refracted rays differ slightly in other respects
from those of FRESNEL, as given in AIrY’s Tracts; I am not aware that these inten-
sities have been tested by experiment, nor are the refracted rays so readily accessible
to the experimenter as the reflected rays. I may be permitted however to claim, in
favour of my own results, that in no one instance do I have recourse to forced analo-
gies or gratuitous hypotheses, the process I have pursued standing in need of no such
help. I adopt indeed universally the fundamental hypothesis that the vibrations on
which light depends, and consequently those of the reflected and refracted as well as
of the incident rays, are strictly transverse to the directions of the rays. I admit that
this hypothesis, considered & priori, must be regarded as perfectly arbitrary; but it
gains evidence, almost amounting to certainty, & posteriori, when we take into
account the immense variety of phenomena connected with the polarization and de-
polarization of light, of which it affords a simple and satisfactory explanation. I am
aware of the difficulties which have caused other theorists to modify this hypothesis
in case of the reflected and refracted rays ; but I do not think that those difficulties
should be objected to me, who approach the problem in an entirely different way,
and who take into account circumstances which have been neglected by them,
namely, the vibrations communicated to the medium itself. It is not surprising that
such difficulties should occur in a dynamical theory which takes no account of such

* Cambridge Transactions, vol. ix. part 1.
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communication of vibrations; indeed the statical condition of two contiguous ethe-
real media of different densities is impossible, unless we take into account the mutual
statical actions between the particles of the ether and those of the crystal which it
is supposed to permeate ; much more are the dynamical conditions likely to be fraught
with inconsistency, unless we take into account the mutual dynamical actions of
those particles. I think it is considerably in favour of the present mode of viewing
the problem, that no difficulties of the kiud under consideration are found to present
thernselves.

10. I confine my attention, as I have before stated, to an isotropical singly refract-
ing medium, like glass or water, though I think, if I had more time at my disposal, I
could extend the theory to doubly refracting crystals. A very simple integration
gives me a general expression for the vis viva of an elementary cycloidal wave, in
terms of the amplitude and the constants of the periodical function. By help of this
I obtain two equations of wis viva, one for a wave whose vibrations are in the
plane of incidence, and the other for a wave whose vibrations are perpendicular to
that plane, both vibrations being transverse to the axis of the ray. By the principle
of superposition, these two equations will hold true simultaneouely when the above
waves are regarded as the components of one and the same wave. I obtain three
other equations between the amplitudes, from the simple consideration that a particle
situated in the common surface of the two media cannot vibrate in more than one
way at once. Of these three equations two involve the amplitudes of the first com-
ponent wave, and the third those of the second.

The five equations serve to determine, in terms of the angle of incidence and the
component amplitudes of the incident wave, the five following quantities, namely,
the angle of refraction, the two component amplitudes of the reflected wave, and those
of the refracted wave.

11. By the help of Fourier’s theorem we may decompose any form of undulation,
extending between given limits, into a series of elementary cycloidal undulations,
varying in wave-length, amplitude and orientation ; and, again, a wave whose orien-
tation deviates from the plane of incidence, or a plane perpendicular to this passing
through the axis of the ray, may be resolved into two, one in each of the above
planes, which I shall term respectively the primary and secondary planes.

Let ¢ be the angle of incidence of a cylindrical beam or incident ray; and let

y=hsin %’; (at+x)

g=k sin —2; (at+2x+c)

represent the displacements due to any one of its cycloidal elementary waves,
resolved parallel to the primary and secondary plane, # being the distance from the
point of incidence measured along the axis of the ray, (e) the velocity of undulation,
and ¢ the time measured from some epoch anterior to incidence.
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From these two equations we may readily derive the following,
g,l2 e 27rc)
2

—2cos =y +kg_ sin =

giving for the motion of an ethereal particle, in general, an ellipse having its centre
in the axis of the ray and its plane perpendicular to that axis.

The constant ¢ determines the difference of phase of the two component waves ; if
the phases be coincident, we have ¢=0, in which case the above equation becomes

_k
B=zY.
The particle, therefore, performs its vibration in a straight line inclined to the axis
. .. .k

of y, that is, to the plane of incidence at an angle whose tangent is 7 I shall call

this the angle of orientation : denoting it by ¥, we get

k
tany:z

k

% 2hk
tan 27= “""""I;’Q‘th:k—y

A2
In general it is not difficult to show, by the usual method of transformation of coor-
dinates, that the major axis of the elliptic orbit, whose equation has been exhibited
above, makes with the plane of incidence an angle of orientation (y) determined by
the equation

2
tan 2y—=y5—75 hf hkkg cos ( n)

If h=k, 'y=:—; in both cases; the linear radius of vibration and the axis major of

the elliptical vibration are therefore inclined to the plane of incidence at an angle
of 45°.

In the particular case of A=k, and c=;1—“,

0
tan 2y =5 °

and is therefore indeterminate, but in that case the equation becomes

y2+zz=h2.
each particle therefore describes a circle about a point in the axis of the ray, and all
traces of orientation disappear.

It is needless to state that the three cases, which have here been briefly discussed,
are those usually distinguished as belonging to plane polarized, elliptically polarized,
and circularly polarized light.

12. By the theory of superposition of small motions we are at liberty to consider
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each component wave separately. Let us first take the primary component whose
displacement is in the plane of incidence and determined by the equation

. 2
y=h sm—;. (at+x).
In order to determine the vis viva due to one undulation, let » be the distance of

the particles of the ether from each other; the medium being isotropical, -E will be

the number of particles contained in a unit of line, and — the number contained in

a unit of surface, in whatever direction the line or surface may be turned: the
interval o being supposed extremely small compared with A the length of an undula-

tion, iI(;—?-will be the average number of particles contained in a portion dz of A, which

. . . .. 2mh 2
may be regarded as vibrating with the common velocity _’%ﬂ cos —:—r (at—x) found by
differentiating the expression for y with respect to £. The vis viva of a single line of
25242

2
"u}\g j'cosﬂ—)\E (at+x)dx from

. . . . 4
vibrating particles at the given instant (#), therefore =

e . 2a2h22
z=z to x=x-+A. This is easily found to be —~

; and it is worthy of remark,

though this is no more than we ought naturally to expect, that the result is inde-
pendent of the phase at the beginning and end of the integral. The same will be
true of every length A of particles which constitute the incident cylindrical beam,
whatever may be the nature of the phase at the two extremities. Let » be the ob-
lique section of this beam made by the common surface of the two media; then
w cos 0 is the transverse section of the incident beam made by a plane perpendicular

§. . . . .
wc:: is the number of ethereal particles in this section. Hence to

to its axis, and

obtain the vis viva of one undulation of the incident beam we have only to maltiply
the vis viva of each line of particles %Zfag by w(:;se, and the result is ﬂ‘i—ﬁ@ s
which holds true whether the particles be in the same phase for the whole extent of
each transverse section, as, I think, is commonly supposed, or whether the phase be
supposed to vary from particle to particle in such transverse section, according to
some continuous law depending on the original vibrations at the surface of the sun or
other origin of the beam; it being understood of course that at a given instant the
same Zype or system of phases will recur for sections separated from each other by
the interval A. There will be the same recurrence of type for sections made by planes
inclined to the beam at any given angle 4, and separated from each other by the per-
pendicular interval A cos ¢; and, further, the vis viva contained between two such
planes will be the same as before, since every line of particles will have as much vis
viva added at one extremity as is cut off at the other, when the cutting planes are
tarned from the transverse position through the angle 4. If 4 be the angle of inci-
MDCCCLIV. D
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dence, the cutting planes become parallel to the surface of separation of the two
media. : ;

Hence if we take AP=A=BQ, and take a
section PQ of the incident beam parallel to AB
(w) the surface of separation, the vis vivae of
QWQﬁQaQw cos8 9'
S

Ifinstead of A we wish to introduce the period
of undulation (), or the number of undulations

A\

PABQ will have for its expression

A 1 7 /B
in a unit of time (y), since ;=r=7, the expres- Y, /
2n2}2 27,3 //
sion becomes —5—.aw cos d, or —3~.avw co8 4. %
13. In the same way*, if ' and A, be the ampli- B A,

tudes of the reflected and refracted rays, ¢, the
angle of refraction, «, the distance of the ethereal particles from each other in
the second medium, and a, the velocity of undulation in that medium, the vires

vivee of the same wave after the reflexion and refraction has been completed

om2h2 2n%h 2
—5— @w cos § and L

will be severally represented by apw cos d,, v being taken the

uls
same as before, inasmuch as phases of any given kind, the nodal points for instance,
will be transmitted across the surface of separation just as rapidly as they arrive, so
far as regards the number transmitted in a given time, but with different velocities
of undulation a and ¢, in the two media. Hence, on the supposition that no vis viva
is lost by the rays, we shall have, omitting common factors,

h%a cos __ K% cosd +Iz,“a, cosd,

P ol

3
)

14. Any particle in the surface of separation will be at one and the same moment

performing its phase to the incident ray with the transverse velocity 2—";3 cos 2%, or
’ A

27xhy cos (2mt), and to the reflected and refracted rays with the transverse velocities
27h'v cos (2wvt), 27h, cos (2avt) ; and since this particle cannot move in more than one
way at once, it is clear that the two latter must be equivalent to the former, accord-
ing to the laws of composition of velocities, which is the same as that of forces.

Hence, omitting the common factors, the amplitudes %% of the reflected and
refracted rays will be statically equivalent to %, the amplitude of the incident ray,
regard being had to their several directions. If, therefore, we resolve Kk, in the
direction of 4 and perpendicular to that direction, the sum of the two former com-
ponents will equal 4, and the two latter components will destroy each other.

There is no difficulty in pursuing this process, but I prefer the following which

* It is scarcely necessary to remark, that, for the reflected and refracted waves, at—a should be written in
the place of af+x in the expressions for the displacement, but the sign of # has no influence on the result of
the integration.
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leads to the same results, and gives a geometrical meaning to the language employed.
By a well-known theorem in statics, if one force be equivalent to two others, and
lines be drawn making any given angle with the directions of the three forces, the
sides of the triangle intercepted by these lines will respectively represent the forces
in magnitude and sign.

Let us agree to regard as positive those motions which tend to the right hand of a
person supposed to be swimming on the plane of incidence in the direction in which
any one of the three rays proceeds. Now the directions of the three rays themselves
being those of the three excursions ht'k, each turned from right to left through a right
angle, it follows from the theorem just enunciated, that the sides of a triangle which
are respectively parallel to the three rays, will properly represent the transverse velo-
.cities in magnitude and sign.

Let PO, OP' and OP, be the directions of the incident reflected and refracted rays ;
take m any point in the latter, and draw mn parallel to OP', meeting PO produced in n.

By the rules of composition, On is equivalent to Om and mn, and since all three are
measured in the direction in which the rays proceed, their signs must all be regarded
as positive. Consequently %, &' and %, have the same sign and are severally pro-
portional to On, Om, mn, and therefore to sin Omn, sin Onm, sin nOm ; that is, to
sin (444), sin 24, and sin (6—4,).

¥ §—0
We have, therefore, = :2 Eo T 9;
[}

h,__ sin20

% sin(0+6,)

15. These equations, combined with the former, +
serve to determine A' &, 4, '
Substituting the above values in the equation

of No. (13), put under the form
acose{ k"’} __acosf h?

s » P S

a cos 6 a, cos U}

!4 sin%d cos? 4.

sin® (+4)— sin* (0—4)} =

Now sin® (0+9,)— sin® (—4))
={sin(¢+0,)+ sin (9—0)} {sin (¢44¢,)— sin (4—40,)}

=2sin d.cos ¢,.2 cos 4.sin 4,

we get

Therefore, substituting and dividing by the common factors, we get

asinf,__a smo

a3 al3
3
or sin 6,=2..% ~sin 0.
ap
L AT aty 1 1 e Sl—ni?—@
This equation, combined with  A'= ksm F6)
. s8in20
= n@+0)

D2
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completely determines the reflected and refracted rays. The vis viva of the reflected
ray will thus have for its expression
2n2h? sin? (0—6))
5 avw cos 0 m
If = be the area of the pupil, we must alter the above in the ratio = :» cos ¥, the
section of the reflected beam, which gives

27%2  sin?(0—10)
& VP sin? (649 )

for the quantity of vis viva which enters the eye and is afterwards condensed on the
retina ; the corresponding expression for the incident ray is

2a2)2
5 e,

If then we denote the brightness of the incident ray by 1, that of the reflected ray
will be represented by
sin? (0 GL)
sin? (0+6)

In like manner the vis viva of the refracted ray is

2 v cos 0 %)
o 1sin® (§+4)°

and the portion which would enter the eye, could it be placed so as to receive it, is
2722 sin? (20)

ap W7 sin® (045,
giving for its comparative brightness the expression

ol 4 sin? (20)

af a’sin?(§+0)

sinf, 4sin®0.cos*d

that is, S st 010)

4 cos‘:() *s‘lﬂn_@»sm 6
or sin® (0 + 0 )

16. Let us now take the component wave whose vibrations are performed in the
secondary plane.  Any displacement being represented by the equation

g= ksm~— (at+x+c),

proceeding exactly as before, we shall have, on the supposition that no vis viva is lost,

kacosd  K?wcosb  kfa,cosb,

3 ad + alti

o

The motion of a particle in the surface of separation regarded as performing its
phase to the incident ray is 2%y cos (27v¢), which, as before, must be statically equi-
valent to 27£" cos (2av¢) and 27kp cos (27v¢) ; but the directions of these three motions
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being perpendicular to the plane of incidence and therefore parallel to each other, we
have not two equations, as in the last case, but only one, namely,
=Kk, ;
but ¢, being already determined, we have sufficient data for determining &' and &,
Putting the equation of vis viva under the form

acosf “/ cos 0

— {k2 klz} l{k k!}z

we see that it is satisfied by making either k—k’ =0

a cos 0 “1 cos b

(k+k)=

or ! (k—F").
The first solution gives k'=Fk and k,=0, so that the ray is totally reflected ; the vis
viva of the reflected ray being equal to that of the incident ray.

The second solution gives in conjunction with

a . a .
~8in d,=—%sin 4,
o “/ z

sind cos 8. (k+k)=sin , cos 0,(k—F'),

or (sin 204 sin 20))k'=((sin 20,— sin 20)F,
N . . /__ __7, sin (20)— sin (20)
whence we obtain kK= k'éﬁ(?@)’;‘gﬁf(ée,)
tan (6 —0 )
“tan (0 +0 )
]‘, fr— ]f’ ]f tan(9+0)+ tan(@ 0),
tan (0+96))
| = 2 sin 20 .
or ™" "sin 20+ sin 26,

The vis viva of the reflected ray is therefore

2m*k? tan? (0 —0,)
3— Qw COS 0. —Mm

and its relative brightness, compared with that of the incident wave, namely,

_2_7r21c9 0, i tan® (0 —0))
—3— QY@ COS 1S tantz (9 i 01)‘

The vis viva of the refracted wave is
222 g Asin?o
Tad ape cos I(sin 20+ sin®0)?’

and its relative brightness is obtained by first multiplying it by 6 and then

w COS
dividing it by

2n%? @ .
— g w0 oS 0. —— (as in No. 15),
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o q 4 8in% 20

ivi or result a4, 8y
giving for res a? a (sin2f4sin 26)?

4 sin? (20) sin §,

that is, sin §(sin 20 + sin 26)%

16 cos?d.sinf sin §,

or (sin 20+ sin 20)°

The rule to be followed in selecting the proper solution out of two possible
ones, is to take that which causes the ray to deviate as little as possible from its
original direction; this is at least the most natural course, and accords with expe-
rience in accounting for the phenomenon of polarization, as we shall immediately see ;
the contrary choice would leave that phenomenon unexplained; we have therefore
no alternative but to adopt the second solution.

17. It may be observed, by the way, that the expressions of the intensities

sin® (§—6) tan®(0—90)

sin® (0+6,) tan®(6+9,)
which I have found for the reflected rays whose vibrations occur respectively in the
primary and secondary planes, exactly coincide with those which FresNeL has found
for the reflected rays whose vibrations are respectively performed in the secondary and
primary planes; while the expressions for the intensities of the refracted rays, with

the same interchange of planes, only approximately coincide with those deduced by
FRESNEL.

18. If 0+0,=% the expression for the secondary reflected ray vanishes; hence it
follows that the incident beam, resulting from the superposition of the two compo-
nents, after reflexion at the particular angle which satisfies the condition 0+0,-=’—2',

will produce a reflected ray of the primary class, that is to say, a ray whose vibra-
tions are performed entirely in the plane of incidence.
If @ be the index of refraction, we have
—sind__ala_ ea
Tsinf, o, gg
e, ¢, denoting the densities of the ether as it exists in the two media, for which the
rates of undulation are respectively a, a.

When §,==2—0, we have sin §,= cosd, and therefore tan =g, the law (first disco-
s i 2 1 FJ

vered by BrEwsTER) which determines what is called the polarising angle, agreeably
to experience.

But after incidence at this angle, the beam resulting from the superposition of the
two component rays, will, after reflexion, consist entirely of vibrations performed in

the plane of incidence, and not, as FresNEL supposed, in a plane at right angles to
this.
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19. Let v, o/, 7, denote generally the orientations of the major axes of the molecular
orbits of the incident, reflected and refracted rays, which, in the case of plane polar-
ized rays, are the same as the angles which the planes of vibration make with the
plane of incidence (see No. 11). First, for a plane polarized incident ray, in which
case ¢c=0, we have

% /
tany=y3 tany'=gz tany=j3;

Substituting for &' k' &, k, their values, we find

tan o/ == — ]ccos(0+9,)_______tan cos (6+6))

% cos (6—1) 7" cos (1=0)
k 2sin(0+6) _ _sin(0+6)
tan Y= sin 20+ sin 26, =2tany. sin 26 + sin 26,

These formulee show the shiftings of the plane in which the vibrations are performed,
and consequently of the plane perpendicular to this, which is usually called the plane
of polarization. The first agrees with the formula, p. 361 of Airy’s Tracts, 7, y'bein g
of course the complements of the angles there denoted by a, 8, which formula is there
stated to have been verified by numerous observations of BREwsTER and Araco. If
the incident ray be elliptically polarized, the expressions for tan y, tan o/, tan y, are of
course more complicated.

I bave stated in No. 11, though for brevity the proof has been omitted, that in the
general case,

2hk 2me
tan 2y=75—7; cos (7 )

hk 2me
If we put 72 C0S (T) =g,
) 2tany
we shall have T—tan®y =28,
whence tanzry—}-étan y—1=0,
1 1
and tan 7:—53_4;\/(1—1—4——62)-

To determine which sign ought to be used, we may observe that the expression ought

. k . .
to reduce itself to 7 when ¢=0, as in the former case. But making ¢=0, we have

hk
P=p—p
7~ i 1 — 1)
and the root becomes — W +«\/<1+ 1720 ‘>’

. . k / . .
which reduces itself to 7 or ——,f, according as we take the upper or lower sign. The
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upper sign must therefore be taken, and we shall have generally without ambiguity,
—Ic2 2 h2—E2) 2
tan y=——’ ’rc+\/(l+(4hgkg i .

The other value expresses the orientation of the axis minor, since the product of the
two values is —1.

20. It may be worth observing, that if one of these values had been mistaken for
the other, it would have made a difference of 90° in the direction of vibration in the
case of a plane polarized ray, for which ¢=0, and we should thus be brought back
to the hypothesis of FresNeL. I mention this merely to show how easily error may
be introduced in proceeding from one formula to another, and I would suggest the
possibility that the discrepancies of different theorists on this particular point may
in some instances be removed by a closer attention to the meaning of ambiguous
signs.

21. From the last expression for tany we may derive those for tany/ and tany,;
for this purpose we have merely to write A'¥, or &,k in the place of A4 %, and after-
wards to substitute for &'k k k, their values in terms of 2% and 4. The results
would probably admit of simplification in some degree, but I shall content myself
with having pointed out the mode of obtaining them.

22. I now proceed to the case in which a portion of the vis viva of the incident
ray is supposed to be communicated to the refracting medium during the same shock
which splits up the incident beam into the reflected and refracted rays.

Denoting by p the vis viva of the primary component of the incident ray, and by
P p,p, the expenditure of the same upon the reflected ray, the refracted ray and the
medium respectively, and denoting the angles of incidence and refraction and the
different amplitudes as before, we shall have

p=p’+pl+pm
or putting %—’:s,
i

p=p'+(1+s)p,

But we have already found by integration,

n2h?
p= avw Ccos d
,_97,2]12
p= avw cos ¢
on ‘Z/Z‘Z

p,”‘*;;* apw cos .

Kacos  Nacosd | (1+s)i*

Consequently B = s P a,cosd.
. o hofira 2 sm (6 ol)
We shall further have, as before, 7= sin (146,
h, _ sin (20)
h ™ sin (46,
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We have therefore exactly the same equations to combine as before, with the sole
exception that —=— «‘/TT occupies the place of « ; we have therefore only to make this

simple change in the value of sin 4, and we obtain

sin d=(1+s).— « a‘emé)

9m2)?
p=—73 @wcosd
) sin® (§—46,)
“sin? (0496,
272 sin® (26)
p,_?y aye cos 0. S 40y

with the same expressions for the comparative bnghtness as before, See No. 16.
23. The first of the above equations, compared with the Cartesian law of refraction,
regarded as an experimental truth, shows that s is independent of 4 ; in fact

and since by the Cartesian law %%’ is 1ndependent of 4, it follows that s is also inde-

pendent of ¢. This quantity must therefore be regarded as a certain coefficient of
absorption, depending mainly on the constitution of the crystal and the period of the
incident ray, possibly also in some degree on the orientation of the ray, or the posi-
tion of the plane in which its vibrations are performed, with regard to certain fixed
planes in the crystal, or refracting medium, whether solid or fluid. The theoretical
determination of this coefficient can only result from a more perfect theory of reso-
nance than has hitherto been given, and it is hoped that some of the great modern
analysts will turn their attention in this direction.

If we denote the former refractive mdex ' -’f or ff—, by w, as before, and the altered
l
o
refracted index — Ao 2, or — 1+s 'a 2 by P We shall have
—_F .
H=Ts

This very simple formula, now given for the first time, demonstrates the rule I
have before enunciated, ramely,

The solar rays can exercise no action upon any medium through which they are trans-
mitted without an accompanying diminution of the refractive index.

24. To estimate the effect of ‘this diminution upon the intensities (7, ) of the
reflected and refracted rays, unity as before representing the intensity of the incident
primary ray, we bave

§? _Sin =)
psin® (§+4)

MDCCCLIV. E
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. T @
4 =Pigcosd, " Pucostd

_cost p,

“cosl, p

___sin®(20) o
Tsin? (0+6) 2%

__ sin®(2) 1 sing,
Tsin®(§46) 1+s sng

; 4 cos’§.sinf.sinf,
M14s  sin?(§+9)

that is,

Let us now proceed to the case of the secondary component wave.
Denoting by ¢ ¢ ¢, the vires vivee of the incident, reflected and refracted rays, and
by g, the vis viva communicated to the medium, we have

9=9+q9,+q.:;
and denoting %” by ¢,
i
we have g=q¢+(1+5).q,.
2a3k?
We have, farther, g="—5 amwcos/
b o
q =2]‘§§E avw oS 4
=27k v cos 0
9 PER ”

K2 cos §__ k™a cos 6+Icﬁa/ cos §,(1 +s')
3

— 9
3 3 a

Consequently
o o

I
with which must be combined, as before, the equation
k=K+F,.

a

—4;/7:—? occupies the

place of ¢, giving, besides the case of total reflexion, the equation

These equations lead to the same results as before, except that

o

a cgsd (kI =408 f‘ég’l‘ﬁi) (k— k).
Combining with this the equation
sin 4, =(1+4ys) 5?3% sin 4,
we get (14s)sindcos d (k+k)=(1++).sin 4, cosd,. (k—F),
whence K {(14s) sin 20+ (14 ) sin 20} =k.{(14¢) sin 20,— (1-}s).sin 24},

(1+s) sin 26— (1 + &) sin 2§,

or K==k -
! (1+s) sin 26+ (1+ ) sin 20,
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J . 2k.(1 +s) sin 2§
whence k= (1+5)sin 204 (1 +4) sin 26
212
Consequently q=27;3k avw c0s 4
| on%? {(1+s) sin 20— (1 4¢) .sin 24, | ®
q_ o avew COS 0 (1) sin 26 (1 5/) sin 24,

_ 2n%? 2(1 +5).sin 24 2
7= al apw €08 0 {(1 +35) sin 20+ (1 +¢') sin 26,

25. If ' j, denote the comparative brightness of the reﬂected and refracted rays,
that of the incident secondary ray being represented by unity, we shall have

_g_ {(1 +s5) sin 26— (1 +5') .sin 26,
¢ L(@+s)sin20+ (1+4) sin 26,

J

L ® LW cosb g,
wcosl, T cost cost, ¢
o @ kZ__ 1 sing, /c2
a> a k* 1+s s1n6 lc2

or .4 sing (1 +s) sin 20 ’
=TT sm0 (L+s5) sin 20+ (1 +¢') sin 2§,
tan (9

If then j' be = =10 +Z% as the experiments of BREwsTER and Araco would lead us

e e _ an (6—4)
to infer, in all such cases at least we must have s'=s. In fact, fiﬁ—(ﬁﬂ being equi-

sin 20 — sin 2§
valent to & o, 9> we could not have exact agreement between theory and expe-
= ]
riment unless
(1+5)sin 20— (1+') sin 26, _sin 20— sin 20,
(1+5) sin 20+ (1 +5') sin 20, sin 20+ sin 20/’

that is, unless (14s) sin 20.sin 20,— (1 4+') sin 24.sin 24,
= —(1-4s) sin 20sin 20,4 (1 +4¢') sin 24sin 24,,
that is, unless 2(145)=2(14+¢), or s=5¢.
Neither without this condition would ;' vanish when 4+44,=3, or 20, =7—24, for in

s—s )2
20
that case the expression fonj bec mes{ 51 +S,}

26. It is extremely natural to suppose that the effect upon the medium is mainly,
if not entirely, operated by the refracted ray in its passage into the medium, after its

separation from the reflected ray; and as s and s' denote the ratios ];” qq,, that is to
] 1

say, the ratio, for each case, in which the vis viva entering the medium distributes

itself between the particles of the medium and the particles of the ether interfused

amongst them, we ought to expect that in an isotropical medium, like that under
E 2
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consideration, this ratio of distribution should be independent of orientation, and
consequently the same for both the primary and secondary refracted waves.

27. I am not disposed however to leap too suddenly to the conclusion that the
reflected ray in the action of turning through the angle #—24 has no influence in im-
parting vis viva to the medium*; though it must be conceded that in all cases where
the brightness of the reflected rays accurately follows the laws of FresnEL as tested
by BrewsTER and ARraco, the reflected ray has no sensible influence on the medium ;
for were it otherwise, we ought in an accurate theory of resonance to find a differ-
ence in the values of s and ¢, as we do in the intensities of the primary and secondary
waves, both reflected and refracted, and we have already seen that such difference of
values will vitiate the law for the secondary reflected ray. It makes all the differ-
ence in the world, whether the vis viva be supposed to be communicated to the
medium at the very instant of the shock, or immediately afterwards ; in the first case
it will be due partly to the reflected and partly to the refracted rays, in the latter
case it will be due almost entirely to the refracted rays. In all cases, however, it
is natural to suppose that the refracted rays are chiefly instrumental, and this is
indicated by the equality of s and ¢ in isotropical media, without which equality the
laws of FrREsNEL, BREWSTER and ARraco, could not, according to the present theory,
be accurately, though they might very well be approximately true, as in fact they
would be if 5 ¢, though different from each other, were very small compared with
unity. In clear transparent media, where there is little absorption, s and &' are pro-
bably very small, and such being the case, the above law of brightness ought to hold,
independent of the equality s=s¢"

28. I retirn now to the expressions for the refractive index

In the first place, it will be remarked that these differ from the value which is

usually adopted, namely, =.
: 1

I confess T always considered that the usual mode of deducing this value from the
spread of the wave, which in fact does not spread, was more elegant than conclusive.
It is connected, if I mistake not, with the idea that the transverse front of a wave of
light, as of a wave of sound, consists of particles all of which are in the same phase ;

* Nevérthe]ess it is worth observing, that at the critical angle (compare No. 39), in the case of s=¢', it
results from the formule that the absorbing power of the medium has no effect in diminishing the vis viva
when the ray is turned through an angle #—260 in the operation of reflexion, and this is true both for the
primary and secondary rays. I am therefore inclined to think, and other considerations confirm me in that
opinion, that the absorbing medium acts something like a file in thinning off the absorbed portions of the ray, and
requires that the ray should penctrate into its substance before it can exercise any absorbing action upon it.



MR. POWER ON THE ABSORPTION OF THE SOLAR RAYS, ETC. 29

the equatlon may, in fact, be derived from that hypothesis, without any con-

smO =
sideration of the spread of the wave.

To make this appear, suppose PQ, a transverse section
of the incident beam, to be all in the same phase of vibra-
tion, and after a certain time to have undulated into the
position PQ, baving been previously refracted by the
surface AB. The time from P through A to P, will be

PA AP, |
ot
that from Q through B to Q, will be

-BQ, BQ,
+

Equating these and »transposmg, we get
PA—BQ_BQ—AP,

a a

that is, drawing QR and PS parallel to AB,

PR_QS,
e q

and since RQ=AB=P§S,

. PR_aQ§s,

v RQ_a, PS
But g—g: cos PRQ=sin ¢,

P, . \

and §§=S§-—-i‘: SRS — sing, if PQS=90

and only on that supposition.
Hence the equation sin ozg sin é,
1

expresses the condition that PQSS is a right angle, in other words, that the direction
BQ, of the refracted wave is perpendicular to the section of similar phase to PQ.

Now though this may be true with regard to sound, we have no reason, beyond
precarious analogy, to assume that it is true with regard to-light. Indeed I think
the hypothesis of a similarity of phdse extending over the whole of a transverse section
of the ray, whether it be the incident or refracted ray,.is quite untenable ; for let us
consider how light is generated.

29. Light appears to be generated by the action upon the ether of the superficial
particles of a vibrating body, whether those vibrations have their origin in the pro-
cess of combustion, as in the flame of a candle, or in some other way, as in the case
of phosphorus, the electric light, &c. The vibrations of these superficial particles
must be performed in that superficies, otherwise they could not impart transverse
vibrations to the ether in contact with them: and such being the case, it is highly
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improbable, indeed next to impossible, that one uniform phase should extend over
more than a very minute portion of superficies at a given instant, consistently with
the conditions of continuity.

30. The fairest way of considering the subject without assuming. the uniformity of
phase, is to take a section of the incident ray PQ parallel
to the refracting surface, and therefore =, and upon
every particle of this section to erect ordinates representing
the phases of the different particles: the rippled surface
which passes through the extremities of these ordinates

will possess a kind of type, which after the time ?aé will be

transferred to the surface AB, through which it will be
transmitted, with diminished intensity, into the refracting

AP,
a

position PQ, parallel to AB and PQ.
Presented under this point of view, the question affords no hold whatever for the
determination of 4, and I think I am entitled to conclude that the formula

medium, and after a time will be brought into the

. a, .
sin 4, =-'sin ¢,

a
or [A:;a
1

rests on no other foundation than an uncertain analogy drawn from the theory of
sound, whereas the demonstrations I have given of the formulee

_ .gfz___sine

f— —_— ?
g sindg,

Pr=155 o~ sing,

are quite independent of such analogy, and are true whatever may be the type of the
rippled surface at the front of the waves.

I may mention, by the way, that I think it arises from the existence of such a
rippled front of wave, that the fringes of interference, which border the margin of a
small aperture, upon which a conical pencil of light is incident, are found to vanish
when the aperture exceeds a very small limit ; in fact, when thehperture is enlarged
so as to admit a comparatively large chequered surface of the wave’s front, the several
portions destroy each other’s effect by interference ; but when the aperture is so small
as only to admit a portion which presents a uniformity of phase, then the fringes
present themselves and admit of the usual explanation. The hypothesis of a rippled
front is therefore not only the most probable when we consider the origin of the
beam, but it accounts simultaneously for the non-spread of the wave and the disap-
pearance of the fringes when the aperture is large.

It may perhaps be urged in favour of the hypothesis of aniformity of phase in the
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front of the wave, that it is necessary, in order to account for a succession of pulses
on the retina, giving for different values of A the impression of different colours ana-
logous to different musical notes in the phenomenon of sound.

To this I reply, that the phases of maxima vis viva will succeed with equal rapidity
in both cases, which is a complete answer to the objection.

In fact, if we adopt the hypothesis of a rippled front, the vis viva due to any transverse
section as it enters the pupil, will have for its expression an integral of the form

B, cos? g}i—r(a,t-l—cl) +B, cos? %? (at+c,) 4 Bycos? %E(at-{— ¢,) +&e.,

14 cos2y . . . .
3 “ in the place of cos’ u, and expanding each term, will give an

expression of the form

which, writing

A+4B cos (%Z) +Csin (ﬂ;‘a—t>,

that is, of the form A+A, cos (%\f A2> cos fi%a_t_{_Al sin%Azsin @%@‘,
or A+A, cos 4_; (at+A,),
or A—A,}2A, sin“’-gg- (at+A,),

whose maximum value, (A+4A,) (as also its minimum value (A—A))), recurs after
. A 2A . . . . 3
intervals —, —, &c., as is easily seen; these intervals, in fact, hold for phases of any

given denomination, just as in the case of any single elementary portion of the front
of the wave.
31. Let us now consider the effect of the divisor 1-+4s in the formula

1 1 oa
L It e
+s +s g9
. __py__vis viva commanicated to the medium
smce =0 vis vive of the refracted ray )

We see, that, according as the absorption is greater or less, the values of s may
range between infinity and zero ; corresponding to which w, will range between zero
and p, the refractive index when there is no absorption.

But the equation sin 0,:—::’ sin 9:1{—f sin 4,
shows that 4, will =% as soon as
I’J’—tfsin =1,
or sin 0=1is-

Hence if s be considerable, § must be small in order that there may be a refracted
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ray, and if sind exceed the critical value.%, there will be no refracted ray, but the

incident light will be totally reflected without any diminution of intensity, but with
a change of phase (compare No. 39, and the Note to No. 42 at the end of this paper).
Hence we see the possibility of particular rays, on which the medium exerts a
powerful absorbing action at small angles of incidence, being totally reflected at
larger incidences, whilst the remainder of the incident beam is partly refracted, the
refracted and reflected light thus being of completely different colours. Specimens
of coloured glass partaking of this property are not uncommon, and I have recently
heen shown a glass which is deep blue seen by reflected light, and reddish brown by
refracted light, an effect which Professor Srokes, who showed me the specimen,
assures me is not of the nature of fluorescence, the name he has finally chosen for the
phenomena discovered by himself.

At the other limit, for which s=0, sin 4, attains its minimum value " sind; the
rays, of which no portion has been absorbed, therefore emerge on the most refracted

side of the spectrum; the same thing appears from the expression /ﬁ,:ﬁ;, which

shows that the refractive index is then a maximum.

32. Although it is possible in this manner to account for a considerable range of
spectrum extending, with rapidly decreasing intensity, from the most refracted end,
where the rays have suffered least absorption and where the intensity is the greatest,
towards the least refracted end, where the intensity decreases without limit, never-
theless there is nothing in this theory which necessarily connects the degree of
refraction with the colour, or more generally speaking, the period of the ray.

Experience shows that the most refracted rays have the smallest period ; if then we
would account for the chromatic dispersion in this way, we must admit that media
are more acted upon by the rays of longer period, than by rays of shorter period, by
the red than by the violet; but this is contrary to experience. The effect of absorp-
tion upon the index of refraction must therefore be regarded as antagonistic to the
chromatic dispersion.,

33. M.Cauchy has, I consider, given a satisfactory theory of chromatic dispersion,
which is perfectly consistent with every thing which has been advanced in the pre-
sent theory. But I claim for the latter that it gives a satisfactory account of the
phenomena of absorption and the spectral spaces discovered by FRAUNHOFER, and com-
monly known by the name of FrRauNHOFER’s lines, especially when taken in connexion
with the consideration of luminous resonance, to which subject, I think, the attention
of scientific men is here directed for the first time,

In fact, according to the laws of resonance, those rays will act most forcibly on
the medium, which find amongst the particles of the latter some capable of vibrating
in unison, or in harmonic consonance less perfect than unison, with themselves, the
unison of course giving rise to by far the most energetic action, but the other conso-
nances producing effects more decided as the coincidences of phase are more frequent ;
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we see therefore in general why particular rays should be selected for absorption, with-
out any insensible gradation, and why some lines of absorption, those corresponding
to unison for example, should be more strongly marked than others; and these pre-
liminaries being conceived, then comes the equation

sin 4,=(1 +s)g' I'sin 4,

which explains how those rays which undergo absorption are turned out of their places
and deflected towards the less refracted end of the spectrum, and in some cases,
though with intensities so diminished as to be imperceptible, far beyond the limits of
the visible spectrum. In fact as s increases, the above equation shows that ¢, increases.
The refracted ray is therefore turned more from the normal, or deviates less from its
original course than it would do if there were no absorption, in which case s=0.
"The intensities of the reflected and refracted rays, both in the primary and secondary
planes, will of course be diminished by the loss of vis viva, as is further apparent from
the expressions which have been obtained for ¢, 7, ' and 7, in Nos. 24 and 25, namely,
4_sin®(6—0) . 4 cos?fsinfsing,

,-—_.___

T sin® (0+6) I+s sin®(6+0)

g__ [ (145)sin 26— (1 +¢') sin 26,
- (1+s)sin26+(1+s’)sin20,}

j= 4 s_u_l_o_f (1+s)sm26 ]2
[

where it may be observed that i, and j, dlmmlsh rapidly as s increases. Without
the turning action above mentioned, the lines of absorption might exist indeed in a
less marked manner, but the turning action fairly dismisses the weakened rays out
of their places, and these places, if occupied at all, will be occupied by stray rays of a
different colour from their immediate neighbours, presenting a faint tinge of the
colour which has been turned from a remote space on the more refracted end of the
spectrum. And this, I consider, is the true explanation of the phenomenon discovered
by BRewsTER, and cited by DRAPER, p. 85 ; that red light exists in the violet spaces
of the solar spectrum and blue light in the red: provided the red light in the violet
spaces be regarded as the extreme violet, deflected towards the purple part of the
spectrum ; for the extreme violet rays, to my own eyes at least, scarcely differ in
colour from the extreme red.

In the celebrated Mémoire of M. Caucny’s (1836, cited by BEERr, Einleitung in die
hohere Optik, p. 209, and reproduced in the Exercices d’Analyse Mém. tom. i. p. 288),
the velocity of undulation is given by a rapidly converging series of the form

2 4
a@=A,+A, '%‘*"Aq ;4+ &e.,

in which I have thought it right not to include ?, «‘, &c. under the unknown con-
stants A,, A,, so as to exhibit to the eye the rapidity of convergence. As a first
approximation, we have .
a= VA,
MDCCCLIV. F
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and in order that a may be greater for the smaller wave lengths, as experience shows
it is, A, must be positive.
If we wish to introduce in the place of A the note-number v, or the number of vibra-

. . . . . a
tions performed in a unit of time, since y=1, We have

a '-‘Ao-l- 2 v2+—— a4+ &e. ;

and since a?, a* occur in the denominators, it will be sufficient to write for them the
first approximate values A,, A}, &c., thus we get

a*=A +Ka2u”+ A a4 &e.

Caucny found by comparing theory with experlment that the two foremost terms
of his series were sufficient to account for the chromatic dispersion. We shall have,
therefore, a sufficiently accurate value of @ by extracting the square root of this series
to the exclusion of terms involving »*, %, &c. This value is

for which we may write a=f+g7’.
We shall have a similar expression for the second medium,
arﬁ+gﬂ
= e(f+9v)
31“1 Q/ (fitgr)

which again may be represented approximately under the form B+ Cy?, B and C being
two constants which can only be known by experiment; but I shall adhere to the
other more significant form.

Hence we obtain for the refractive index of rays, which have undergone partial
absorption,

Consequently

sinf___ p _ 1 f+._9”_,,,
sin, _”" T+ 1+s e,(f,+yﬂ)

whence sin 0,= ; sin 0=(1-4s)- w’—"—) sin 4.

97)

34. Though the expressions for p'pg'q, (see No. 22 and 24) remain unchanged in
Jorm, their values will of course be affected by the change of 4, which they involve.
It would be needless to write their expressions over again, buat it may be convenient
for the sake of photometrical comparison to exhibit the ratios of vires vive

rrnda,
pp a9y
which are immediately derivable from them. They are as follows :—
7 sm? (6— 9,)

= sin? (§+9,)

P, 1 stG sin 26,
P its “sin? (640)
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__[(1+35) sin 20— (1 +¢') sin 20,
=11 ¥s) sin 20+ (1+4) sin 20

4.0 +s) sin 20.sin 26,
{(1+5) sin 20+ (1 +¢) sin 20 4

S *~°l"‘D

H

If for isotropical media we suppose §=s, the two last formulae become
¢'_tan®.(8—0)
g~ tan®(§+96)
q__4 sin 20.sin 2§,
¢ 14s {sin 26+ sin 20,}2
35. Lastly, if ¢, o/, y, denote, as before, the orientations of the compound rays,
regarded as plane polarized, that is according to the present theory, as performing

their vibrations iz a plane making the angles v, o/, ¥, with the plane of incidence, we
shall have

_k
tan ]L
/ !
tan o/ —k /]cc 7 tan =
= — tan . (1 +8)sin 20—(1+4) sin 26, sin (0+0)
4 (1+s).sin 20 + (1 +5') sin 20, sin (6—0))
2.(1+s) sin 20 sin (0+9))

T (U+s)sin 20+ (1) sin 2, sin 26 tany

2(1 +s) sin (0496,

or tany,= (1+s)sin 20+ (1 +4) sin 26, any.
I ___tan.(6—0) sin (0+0,) cos (6+46)
If §'=s, we get Y = = 656 sn 6=6)  cos (=6 27
2 sin (6490,
tan y,= sin 20+ sin 26, - tan 7’

the same expressions which we obtained on the supposition that there was no absorp-
tion, and which have been tested by BREwsTER and Araco.

36. A most interesting application of this theory is the explanation it affords of
the rotatory phenomena of polarization exhibited by certain liquids, as also by certain
solids, some specimens of quartz, for instance, which are distinguished from each
other by the known appellations of right-handed and left-handed quartz.

Let us suppose that the liquid (a solution of sugar or of honey, for instance, both of
which are found to possess this property) is divided by horizontal sections at a small
vertical distance 9 from each other, £ being the depth below the surface of the fluid.
Though there is no refraction or deviation as the rays pass from one stratum to another,
nothing prevents us from making ¢,=¢ in the formule just found, which gives

p'=0, pl'—'ij—;_—s’
F 2
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s—s 1% 4(1+5)
q= [2+s+s’ v 1= 2ys+s2?
. . 0
tan ¢'= — oo, except when §'=s, in which case tan 7’=6 .
1+5)
Further, tany,=g - tany.

We see therefore that there is no reflected ray of the first class, nor any of the second
class if¢=s; in that case tan y,= tany, and ¢,=¢. The visviva communicated to the
fluid arises therefore entirely from the primary component wave, which imparts to it

o . s . . . . N .o .
the vis viva P the orientation remains in this case unchanged; but if ¢ differs

from s the case is different; in that case the secondary beam produces a slight

« f s—¢ ‘IQ . . . n
reflected ray whose vis viva =\24549) ¢, and whose orientation is—, so that its

vibrations, like those of its parent ray, lie in the secondary plune. The orientation
(7,) of the refracted ray is given by the formula

2(1+5)
tan y,= ots+d tany,
s—s’
whence tan y,— tan y=={5 . tany.

"The plane of vibration is therefore rotated in the positive or negative direction, that
is, according to our conventions, from left to right, or from right to left according as
s is greater or less than ¢, that is, according as the primary or secondary refracted
ray exerts a greater action on the fluid.

The quantity of vis viva expended on the fluid is in this case

s 41 +5)
sp+sq= 1 +sp+'(2 +s+e)2 D

which must be employed in working some effect or other upon the fluid.

If we suppose that s and s’ are constant for every thin stratum of fluid of the same
vertical height 8%, since the effect ought to vanish with 84, we may suppose

s—s¢
Tys+d =00

and regarding ¥ as a function of & we have

d
tan y,— tan y=23tan 7= gg tan R

%tan v
Consequently tany =
whence log. tan y=0%+ log, tan C, or

tan y=tan C.¢%.
In this equation C is the initial value of y at the surface of the fluid, or at the surface
of a crystal which possesses the property in question. The circular polavization, as
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it is sometimes called, will be right-handed or left-handed according as ¢ is positive
or negative. In the latter case we may put the formula under the shape

cot y= cot C.¢%,

or tan (3'2-_7> =tan (g—-C) &8,
- which shows that for a negative value of ¢ of equal magnitude, the left-handed spiral
will be exactly similar to the right-handed spiral.

Since the nature of the spiral as regards right and left depends on the sign of s—+';
when this difference is very small, as it must be when there is no sensible reflected
ray (this appears by the value of ¢'), we see how a very trifling variation of the con-
stitution of the fluid will change the rotation from right to left or from left to right ;
and this is agreeable to experience; for though the chemist can detect no difference
in sugar formed from beetroot and that formed from the cane, yet these are found to
possess the property in opposite directions. In the same way the specimens of right-
handed and left-banded quartz which possess this property, must owe their difference
to the presence of some ingredient, which enters in so minute a proportion as not
sensibly to affect either the crystalline form or the chemical composition.

I must say that this successful application of the present theory to the explanation
of these singular phenomena, which no one, so far as I an aware, has ever attempted
to explain before, gives me great confidence in the truth of the general theory; nor
less satisfactory is the perfectly simple and easy manner in which the known laws of
refraction, polarization and photometry result from the calculus. I think I may also
appeal to the symmetry and elegance of the formula themselves, as justifying the
inference that they are not less connected with ruth than with light.

37. Several other modes of testing the truth of the present theory have occurred to
me, but I have not the time to work them out in detail. Suffice it to say, that hitherto
I have not met with a single case with which it seems to be at variance, and I doubt
not, whenever the theory of resonance is brought to perfection, that much which is still
obscure will be completely explained. The latter theory is at present in a very im-
perfect state, though the experimental researches of Savart and others have revealed its
phenomena with great minuteness of detail, and with a variety of most curious and
interesting results. The mathematical difficulties of the subject are such'that they
will require the highest analytical powers to contend with them; though I cannot
hope personally to assist in overcoming them, I am’very sanguine that they will
finally yield to the intellectual battery of modern analysis, and I am not a little
encouraged in this hope by the appearance of M. LamE's admirable work, ¢ Legons sur
la Théorie Mathématique de I'Elasticité des Corps Solides,’ 8vo. Paris, 1852. Having
mentioned the name of M. Lamg, I beg to call attention to the circumstance that his
results, as regards the direction of vibration in the polarized ray, coincide with what
I have obtained in the present theory, being opposed to those of FresNeL and the
more recent researches of M. Caucny. See © Legons,” &c., p. 132.
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38. I return to the subject of reflexion and refraction. In the general theory I
have taken the case of a dense refracting medium, as it is usually termed (though I
think it will turn out that it should rather be termed a rare refracting medium), in

which sin 0 >1,or w,>1. But all the steps will hold, mutatis mutandis, when p, <1,

sin 0
and it may be convenient to exhibit the formulee adapted to that hypothesis. They
are as follows :—
For the primary wave,

E__ —3sin (6,:19)
k™ sin (6,+90)
b sin2f
R sin (6,4 9)
E_ﬁif_ﬁl:ﬂ
p ™ sin® (4,+96)
Pi_. 1 sin 20 sin 20
p—l-{-s sin® (0 +8)
i K (1+¢) sin 26— (1 +s) sin 26
For the secondary wave, F=(145) 5 26, (1+s) sm 28
E,__ 2(1 +s) sin 24
k™ (1+¢') sin 20,4 (1 +s) sin 20
q' _ [(1+4) sin 26,— (1 +s) sin 242
¢~ | (1+¢) sin 26,+ (1 +s) sin 29
q_ 4(1 +s) sin 26,.sin 20
g~ ((1+¢) sin 20,4 (1 +) sin 26)2

To which must be added,

. 1 . 14+s .
sin 0, ==sind= sin 4
o] [

(1+4') sin 2, — (1 +5) sin 20 sin (4, +4)
(1 +¢') sin 20 ,+ (1+s5) sin 2§ sin 0,—9)

2.(14s).sin (§+6)
1+s,).sn 26,4+ (1 +s) sin 26"

tany/= — tan y-

tan y,=tan 7~(

I have thought it right to give the whole series of formulae for the convenience of
persons who may be possessed of the means to test them experimentally, and I may
mention that it is more particularly in the refracted rays that they differ from the
formulz of FrEsNEL; it is therefore to the latter that I must puncnpally look for the
experimental verification of this theory.

It may be as well to write down the formula for the secondary wave in case s and
s are equal, or very small when unequal. They are as follows :—

¥ __tan (§,—9)

%~ tan tan (§,+0)
k_ 2 sin 20
T—sxn 20 + sin 20
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¢ tan® (§,—0)
g~ tan® (§,+9)
¢_ 4  sin2f.sin 2§

g - 148 (sin 20,4+ sin 26)2

cos (6,46)
cos (§,—0)

2 sin (9,+0) .
sin 20, + sin 24

tan ¢/ = — tan y.

tan y,= tan y-.

7 q

For photometrical experiments, it should be remembered that whilst o q express
the relative brightness of the reflected and incident rays, primary and secondary, IL

6
and Z 7 ! must be multiplied by cosh. to obtain the proper photometrical ratios for the
comparison of the refracted and mczdent rays.
39. For the ¢ critical angle’ at which sin 9,:%, we have sin =,

P=p, 9=9
»=0, ¢,=0.
Both rays are therefore reflected without loss of intensity, and this is true notwith-
standing any absorptive tendency of the medium, which in fact the rays do not enter.
Compare No. 26 and No. 27.
40. The general value of the polarizing angle for which ¢'=0, will be determined

by the equations
(14s) sin 20=(1+4+') sin 24,

or (14s) sin 4 cos 4=(1++') sin 4, cos 4,
and sin 0=y, sin 0,_1+s sind,
whence C08 =15 4, cos 0= cos 0
08 =177 =114 .
If p=it
we have cos §,=u' cos ¢

1 — sin® 4 =p"(1— sin’0)

or 11— sm" 0=p" —psin’ ¢,
. 1— 12 2
whence sin? 0=%:—p'—9~)'1'—2’
——1»
cos? 0... QL R
1—w'?
tan2 0__.(..___.&_)&’_
—w

tan d=w,A / 1___:2
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When @, is >1, as in the case of dense refracting substances, glass, water, &c., the
better form for the polarizing angle is

27
tan = /\/&—— .
# wi=1

41. If there be no absorption, p=p,=pw,
and tan d=p.
If the primary and secondary rays are equally absorbed,
p'=mw, and tan 0=p,.

42. In the theory of the primary wave, whose vibrations are performed in the plane
of incidence, although I have supposed that these vibrations are perpendicular to the
directions of the incident, reflected and refracted rays, yet the same demonstration
will hold whatever be the inclination of the vibrations to the rays, provided it be the
same for all the three rays. If we denote by ¢ this constant angle of vibration,
the only change necessary to be made in the wording of No. 14. is, for “transverse”
to read oblique, and instead of the words “ each turned from right to left through a
vight angle,” to read each turned from right to left through an angle (¢). Hence,
whatever be the value of ¢, the intensity of the reflected ray will be properly repre-
sin? (§—4,)
sin® (§+6,)

If e=0, we have exactly the case which has been treated by Mr. GREEN*; as is
manifest from his symbols ; though his langunage is indefinite as regards the direction
of vibration.

It is therefore extremely interesting to compare Mr. GREEN’s expression for the
intensity of the reflected ray, or rather the square of his expression (for he seems to nse
the word intensity in a different sense, namely, that of comparative velocity), with the

. sin®(§—4 . . . .
expression Z:Q E‘H% observing beforehand, that, from the way in which he has sim-

sented by If e=0, the vibrations are longitudinal, as in the case of sound.

plified the calculus, we ought to expect nothing more than an approximate coinci-

¢ coth)\?
m ) . . \g cotd . .
dence. The square of Mr. GREEN’s expression is >>———~_. In applying his for-
| e, coth
¢ coth
mula to the case of two gases of different densities, whose constitution admits of
their remaining in juxtaposition under the same pressure, he in the first place deduces
the equation
g_sin*s
¢~ sin%6,
from the known experimental relations between the pressure and the expansion of such
gases, combined with other parts of his theory ; and this substitution being made, the

tan? (0—6))

square of his formula becomes tan® (156" which, singularly enough, coincides with
l

* Cambridge Transactions, vol. vi. p. 403.
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FresNEL's expression for a ray polarized perpendicularly to the plane of incidence,
that is, according to FrESNEL’s views, whose vibrations are performed in the plane of
incidence, a result which, at first sight, seems to militate against the expression I
have obtained for the case under consideration, viz. :Ezg:gl; - But I beg to observe,
1
that the juxtaposition of two heterogeneous gases of different densities under a con-
stant pressure is not at all analogous to the case of light as conceived in the present
communication. For, instead of heterogeneous fluids under a constant pressure, we
have to conceive pure ether of one density in contact with pure ether of a different
density, and therefore under a different pressure, such difference of density and press-
ure being due to the attractions or repulsions of the grosser particles of the medium
for the particles of the ether. We have therefore no right to make the substitution
g,__sin?f
¢ sin?¢’
It is much more natural to suppose that the density of the ether in the interior of

the truth of which rests entirely on a property peculiar to gases.

crystals does not differ much from that of the surrounding ether, so that the ratio %’

does not sensibly differ from unity. Replacing this ratio by unity, Mr. GREEN’s ex-
pression becownes

_cot g,
cotl _tang—tand__ _ sin (6——0,)’
cot,” tan,+ tand  sin (§+90,)

14—

cot d

e
the square of which gives :;zg ((3—473% for the intensity of the reflected ray, agreeably to

sin® (§—0) tan® (6—4))
sin® (§+6)) tan® (644,
according to the different circumstances of the case, is very remarkable, and tends to
throw light on the discrepancies of different theorists, as regards the direction of
vibration.

the present theory. This curious interchange of the expressions

]

It is further remarkable that a similar interchange, according as we substitute
sin®{
sin®f,
tigated by Mr. GREEN, in the case of total reflexion at an angle greater than the
critical angle. In fact, if 2¢ denote the acceleration of phase in the reflected ray, the
following general formula will be found to result from Mr. GREEN’s equations,

or 1 for the ratio %, occurs in the expression for the change of phase, as inves-

tan e=—§— ¥ tan® —p* sec® 0,
]

hich transforms itself into  t ——1*\/@;
which transforms itself into an e= o PEE

MDCCCLIV. G
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. o sin?§
or 1nto tane_c———oSe L

according as w® or 1 is substituted in the place of _Z_;.

The former is the expression which Mr. Green has obtained for contiguous gases,
and is identical with that obtained by FrREsNEL by an interpretation of the formula
:‘:‘%‘g"}g;; the latter is identical with that obtained by FresNeL from the formula

1
sin (§,—0) . . 4 .
sTrT(G:T(T) According to the views of the present author, the latter will belong to a
totally reflected ray whose vibrations are performed in the plane of incidence, and
the former to a similar ray whose vibrations are at right angles to that plane..—7his

and the preceding paragraph were added April 2, 1854.



